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Introduction
Why study elliptic curves?
Solving equations is a classical problem with a long history. Starting with the simplest equations, we know that linear and quadratic equations are easy to solve. However, there are still have many interesting unanswered questions about cubic equations.
In addition, there are important applications of elliptic curves to cryptography. There are also important applications of elliptic curves within mathematics, most notably to the proof of Fermat's Last Theorem. By studying about elliptic curves, one learns about deep connections among arithmetic, algebra, geometry, and complex analysis.
Some suggested reading is [4, 5, 1, 3] . where the a i 's are in F .
An equation of the above form (1) is called a generalized Weierstrass equation.
Recall that the points in projective space P n (F ) correspond to the equivalence classes in F n+1 − {(0, . . . , 0)} under the equivalence relation (x 0 , . . . , x n ) ≈ (λx 0 , . . . , λx n ) with λ ∈ F × . The projective equation corresponding to the affine equation (1) is the homogeneous equation
Smooth means that there is no point on the curve at which all partial derivatives vanish.
If char(F ) = 2 or 3, then a change of variables puts E in the form Figure 2 illustrates the group law on an elliptic curve. 
Group Law
−(P + Q)
This can be expressed algebraically, as follows.
If E is y 2 = x 3 +ax+b, and P = (x 1 , y 1 ) and Q = (x 2 , y 2 ), then P +Q = (x 3 , y 3 ) where
The point O E = (0, 1, 0) is the identity element for the group law. With this group law, the points on E with coordinates in F , along with the point at ∞, form an abelian group. This group is denoted E(F ). When F is a number field, E(F ) is called the Mordell-Weil group of E over F .
Let (F denote an algebraic closure of the field F . Definition 3.1. If E is an elliptic curve over F , then
Elliptic Curves over C
If E is an elliptic curve over C, then E(C) is isomorphic to C/L for a lattice L = Zτ + Z for some τ in the complex upper half plane.
It easily follows that
Elliptic Curves over Number Fields
Mordell-Weil Theorem. If E is an elliptic curve over a number field F , then the abelian group E(F ) is finitely generated.
Therefore:
E(F ) ∼ = Z r × finite group. The finite group is called the torsion subgroup of E(F ) and is denoted E(F ) tors . The non-negative integer r is called the rank of E(F ). tors , then x and y are integers, and either y = 0 or y 2 is a divisor of 4a 3 + 27b 2 .
The Torsion Subgroup
Exercise 5.1. Show that for E :
Mazur Theorem (1977). If E is an elliptic curve over Q, then E(Q) tors is isomorphic to one of the following 15 groups:
Each of these groups occurs infinitely often. 
so the rank is 0.
so the rank is 1.
Some open questions about ranks are:
• We still do not know an algorithm that is guaranteed to find the rational points on elliptic curves over Q.
• In particular, there is no known algorithm guaranteed to determine the rank.
• It is not known which integers can occur as ranks.
• It is not known if ranks are unbounded. Figure 5 .2 gives the year that an elliptic curve was first written down with rank ≥ n for various values of n up to 28.
The Parity Conjecture, which is a consequence of the Conjecture of Birch and Swinnerton-Dyer, says that half of the elliptic curves over Q have even rank and half have odd rank.
Some people believe the stronger statement that density 1 2 (in a suitable sense) of the elliptic curves over Q have rank 0, density 1 2 have rank 1, and the density of elliptic curves over Q with rank ≥ 2 is zero.
Many people believe that ranks of elliptic curves over Q are unbounded. There are similar questions about elliptic curves over other number fields.
Elliptic Curves over Finite Fields
Fact 6.1. If E is an elliptic curve over a finite field F q , then
where m is a divisor of n.
Hasse Bound. If E is an elliptic curve over F q , then Elliptic Curves over finite fields are used in elliptic curve cryptography and pairing-based cryptography. The security of elliptic curve and pairing-based cryptosystems depends on the difficulty of certain problems about elliptic curves and their Weil and Tate pairings. An important open problem in cryptography is to understand how difficult these "hard problems" are.
Homomorphisms
Definition 7.1. A homomorphism f : E 1 → E 2 of elliptic curves over the same field F is a morphism that takes O E1 to O E2 .
It follows that the induced map f : E 1 (F ) → E 2 (F ) is a group homomorphism. Write Hom F (E 1 , E 2 ) for the homomorphisms defined over F and Hom(E 1 , E 2 ) for the homomorphisms defined over F .
Definition 7.2. An endomorphism is a homomorphism from E to itself. End(E) := Hom(E, E)
Fact 7.3. End(E) is either: (i) Z, (ii) an order in an imaginary quadratic field, or (iii) a maximal order in a definite quaternion algebra over Q.
The third doesn't happen in characteristic 0. The first doesn't happen over finite fields.
Example 7.4. The map P → NP is always an endomorphism, and this gives an injection Z → End(E).
Example 7.5. If E is an elliptic curve over F q , then
is an endomorphism, called the Frobenius endomorphism.
Over Q or F p with a prime p ≡ 1 (mod 4):
Over F p with a prime p ≡ 3 (mod 4), we have φ
Definition 7.7. Isogeny can be defined using any of the following equivalent definitions: (i) An isogeny of elliptic curves is a non-zero homomorphism.
(ii) An isogeny of elliptic curves is a surjective homomorphism.
(iii) An isogeny of elliptic curves is a homomorphism with finite kernel.
If there is an isogeny from E 1 to E 2 then there is an isogeny from E 2 to E 1 . We say that E 1 and E 2 are isogenous. Being isogenous is an equivalence relation.
Two elliptic curves over F are isomorphic over F if and only if they have the same j-invariant.
A stronger statement is the following. If E is y
where a = λ 4 a and b = λ 6 b.
Supersingular and Ordinary
Definition 8.1. Suppose E is an elliptic curve over F p r with p prime. Then E is supersingular if and only if any of the following equivalent statements holds:
is an order in a quaternion algebra over Q. Otherwise, E is called ordinary.
Example 8.2. Suppose p ≡ 3 (mod 4). By Example 7.6, the curve y
If E is an elliptic curve over F p r with p prime, then E is ordinary if and only if any of the following equivalent statements holds:
is an order in an imaginary quadratic field.
Example 8.3. By Example 7.6, the curve y 2 = x 3 − x is ordinary over F p r if p ≡ 1 (mod 4).
Mod N representations
Let F s be a separable closure of F and let
, and this action induces the mod N representation
. This Galois group is generated by σ and τ such that
with respect to the basis {(i, i − 1), (1 − √ 2, 2 − √ 2)} for E [4] .
Tate modules
For prime, with respect to the maps
Then T (E) is a free Z -module and V (E) is a Q -vector space. If E is defined over F , then G F acts on V (E), and this action induces the -adic representation:
Isogeny Theorem (Tate, Parshin, Faltings,. . . ). Suppose F is a finitely generated extension of a number field or of a finite field, and E 1 and E 2 are elliptic curves defined over F . Then the following are equivalent:
• E 1 and E 2 are isogenous over F , • ρ E1, ∞ and ρ E2, ∞ are isomorphic for every = char(F ),
• ρ E1, ∞ and ρ E2, ∞ are isomorphic for one = char(F ). In other words, elliptic curves over F are determined (up to isogeny) by their -adic representations.
Reduction of Elliptic Curves
If E is an elliptic curve over a number field F , then E can be reduced modulo a prime ideal p of O F , where O F is the ring of integers of F . If p ∆(E), this gives an elliptic curveẼ over the finite field O F /p. Exercise 11.1. Take the elliptic curve y 2 = x 3 −x over Q and reduce the coefficients modulo 7. This gives an elliptic curveẼ over F 7 . ComputeẼ(F 7 ).
Conjecture of Birch and Swinnerton-Dyer
The Conjecture of Birch and Swinnerton-Dyer tells us that an analytic object, namely the L-function of an elliptic curve over a number field, encodes certain arithmetic information about the Mordell-Weil group.
In particular, the Birch and Swinnerton-Dyer Conjecture relates the size of the Mordell-Weil group of an elliptic curve over a number field with the numbers of points on the reductions of the curve.
See [2] for more.
Abelian varieties
Abelian varieties are higher-dimensional generalizations of elliptic curves.
Definition 13.1. An abelian variety is a connected projective group variety.
Remark 13.2. Note the the definition doesn't say that abelian varieties are abelian groups. The fact that abelian varieties are abelian is a theorem. 
